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Problem 2.4

Find the electric field a distance z above the center of a square loop (side length a) carrying a
uniform line charge A (Fig. 2.8). [Hint: Use the result of Ex. 2.2.]
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Fig.2.8

Solution

Start by drawing a schematic for some point on the square loop.
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The formula for the electric field from a continuous distribution of charge along a line is

1 )., 1 A(r') r—r ,
E — =
4meg / 22 & dl 4meq / v — /|2 \ |r —1/| di

1 A(r)
= 47T60 / ’r_r,’?) (I‘—r’) dl/’

where the integral is taken over the line where the charge exists. Note that r is the position
vector to where we want to know the electric field, r’ is the position vector to the point we chose
on the line, and 2 = |r — 1’| is the distance from the point we chose on the line to where we want

to know the electric field. Split up the loop into the four straight line segments, L} and L) and L
and L), shown below.
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The parameterizations for these lines are as follows.

On L): r’:<%,t,0>, —%Stgg
OnLIZ: r/:<tagvo>a —%Stﬁg
OnLé r/:<7%7t70>7 7%§t§g
On Lj: r’=<t, ;0> —%Stég
Consequently, the electric field at r = (0,0, 2) is
! A(r') A(r)
E = / / o , . ,
dmeo /’r— '\3 dy+/!r r)de |r—r/|3(r r)d3/+/|1”—r/|3( ) dx
Ly L,
1 A
~ dre / ((0,0,2) — (z',4/,0)) dy/
014 [VO—oE+ 0= )+ (= 0P
A
+/ 5((0,0,2) — (2',y/,0)) da
L, [\/(0—$)2+(0—y’)2+(z—0)2]
A
+/ 3(<07 0, Z) - <$,’y,a0>) dy’
L [\/(0 —2')2+(0—y)2+ (2 — 0)2]
A
+/ 3(<0707 z) — <$,7y,70>) da’
L [\/(0 — 22+ (0—y)2+ (2 — 0)2}
1 a/2 A y
B (0,0,2) = (5.,0)) L at
4meq —a)2 5 3 5 o
Vo-3 - 0—tp+ -0
a/2 .
v : (10.0.5— (1..0)) &
70'/2 2 a\2 2 2 dt
Voo -9 o)
a/2 i\ y
“f (0.0, (~200)) Y
—a/2 2 2 dt
\/(0+%) +(0—1t)2 4 (2 — 0)?
A da’
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Simplify the integrands, combine the integrals, add the vectors, and then integrate the
components.

a/2 a/2
E= 4;‘60 / . ! s <—;,—t,z>(1)dt+/a/2 <t2+‘f1+z2>3/2 <—t,—g,z>(1)dt

a/2 1
+/—a/2(@f+t2+z2) /2< dt+/

t2+a2+z2

)3/2 <—t,g,z> (1) dt

3/2

Ao [ 1
=7 / 572 (—2t,—2t,4z) dt
TEO J—a/2 (t2 + % + ZQ)

o < /a/2 —2t dt /W —2t dt /a/Q 4z dt >
- 3/2° 3/2° 3/2
Ameo \J /2 <t2 +2+ 22) —o/? (t2 +2 4 22> —a/? (t2 +2 4+ z2>

The first two integrals are zero because the integration interval is symmetric and the integrands
are odd functions. The third integral can be made to go from 0 to a/2 by putting a factor of 2 in
front because the integrand is an even function.

a/2 4z dt
E= A 0,0,2/ ° 372
4meg 0 2) /

(2+9+2
A a/2 dt
_ <0,0,1>8z/ -
Ameo 0 <t2 +9 4+ z2)
2Nz, [Y? dt
= —7

TED 0 <t2—|—%2+22>3/2

Make the following substitution.

a? a? a? a?
t=1/—+22tanf — P4+ —+22=(—+2%)(tan’04+1) = — + 2% ) sec?d
4 4 4 4
a? 9
dt = Z—Fzzsec 0do
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As a result,

n-1 a/2
oy [ ( %3+22) V& 4 22sec? 0 df
E= "3

[(%2 + 22> sec? 0} 32

Nz tan’1< a2“+4z2) ,/aff+z2se029d0
7 v

3/2
e 2
0 Jo (“T + 22) sec3 0

“ tan— ! —a
& z / <\/m) cosfdf
0

Teo O 4 52
tanfl( Ll )
20z 2 _ Va?+4z2
= —— 5 sin 0
Teg &
0 +%2 0

8\z 1z sin tan—1 a
=~~~ _sintan S E—
meg a2 + 422 va? +4z2

Draw the triangle implied by o = tan™! <a/ Va? + 4z2> and use it to determine sin «.

N2d? +422

[0

Na*+472°

a

V2a? + 422

sino =

Therefore, the electric field at r = (0,0, z) is

DS ?
Comep a? +422 \ V242 +422)

Observe that

mE < L 8\z  Z a 8z Z 0 0
1im = m — -
a—0 a—0 TE€Q a? + 422 \/m T€o (0)2 +42° 2(0)2 + 422

_ . 8z 2 a 8A(0) z a
lim E = lim — = =0.
20 z—0 Teg a? + 422 2a2 + 422 meg a® +4(0)? 2a? 4 4(0)?

www.stemjock.com



Griffiths Electrodynamics 5e: Problem 2.4 Page 5 of 6

In order to see what happens if z > a, rewrite the formula so that each term is a ratio of a and z,

z being in the denominator, and use the binomial theorem.

gt i «
€0 422 (f?—i-l) 221/ 25 + 1
Aaz 1 a2\ /2
= 2 2 L+ 9,2
Tepz? 1 _ (_%> 2z
z
. [ oo 2\ k] [ o© 1 2\ k
_ Xaz Z( a) Z L(-5+1) <a>]
- ) 1
Tege2 = 4z | = I'(k+1)C (—5 —k+ 1) 222
a2 'i ( a2 ) 'i r(3) ( a? )]
= — - i
Tegz? =\ 42*) | &5 D(k+1)0 (5 — k) \222
Xaz | a2\’ a2 \' a \*
= e (‘4z> * ‘42> * <_42> o
L) (@), TG (a2 ' T (6
X nlo.2) T N \92) T v 9.2) T
LT () \ 22 re)r(-4) \2z L) (-3) \2z
Aaz a® at 1/ a? 3/ a*
TENZ 4z 16z 2\ 2z 8 \ 4z
_ Aaz ai 7a*
 Tepz2 222 3224
— Q Lﬁ 1 _ LQ _|_ E .
4a ) megz? 222 3224
_ @ (e T
Amegz? 222 3224
If 2> a, then a?/2? and all higher-order terms are so much smaller than 1 that they can be
neglected.
Qz 1 Q.
E~ = —7Z

Amegz?  Ame 22

The lesson is that far away from the square loop the electric field is the same as if it were a point

charge.
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